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As we go more deeply into the theoretical analysis and actual calculations for enzymatic fast reaction systems. the con-
cept of the critical shell would naturally be confronted with. In this paper. a formula is presented to estimate the thickness
of the critical shell. And on such a basis, we have made calculations and discusscd the influences of various factors such as
short-range force, long-range force, activation energy and cavity-active site upon the thickness of the critical spherical shell.

As is well known, in the great majority of cases.
the enzymatic active site is entirely situated in a con-
cave region termed molecular crevice (fig. 1), or only
a part of it is on the surface of enzyme molecule.
Therefore. when applying Smoluckowski’s diffusion-
controlled reaction theory to investigate the enzymatic
fast reaction systems, one must meet the non-spherical-
ly symimetric problem for which it is difficult to ac-
quire the perfect analytic solution [1] and hence one
could not help resorting numerical solutions [2]. In
order to simplify the problem. Jonsson and Wenner-
strom [3] confined their discussion about the effects
of diffusion-controlled reactions in reversible enzyme
reaction systems to the region outside the spherical
shell depicted by dotted line in fig. 1. They supposed
that outside the shell. the concentrations of substrate
and product molecules might be described with sphar-
ically symmetric equations. Recently, Chou [4] also
assumed that if the diffusion rate of substrate moie-
cules (S) along the surface of enzyme molecule (E) is
sufficiently large, then the thickness, &, of the spheri-
cal shell is generally rather thin; from this, he derived
an approximate formula to calculate the diffusion-
controlled reaction rate ky;,, of enzyme, and the cal-
culated results are quite in accordance with those ob-
tained through a computer [2].

However, in the general case, how does the thick-
ness of such a shell change with various factors in the
reaction system? In what case is the shell very thin,
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and in what case is it rather thick so that one must
consider the effects inside the shell? Since these ques-
tions are directly related to the physical picture of en-
zymatic fast reaction, particularily to the mutual dove-
tail joint between various rate constants in the revers-
ible enzymatic fast reaction system, it seems to be
necessary to make a special discussion. Especially when
people are not yet clearly aware of the ice-like struc-
ture on the surface of enzyvme and of the interactions
between the substrate molecule and the various chem-
ical groups of the enzyme molecule, it would have
some special significance to consider these questions.
Now. let us call the spherical shell Sp+ in fig. 1 the
critical spherical shell of E molecule. Actually it isa
demarcation surface between two kinds of physical
pictures: outside the shell the diffusion picture is of
non-spherically symmetry: whereas inside the shell the
diffusion picture is of spherical symmetry or of quasi-
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Fiz. 1. Enzyme molecule E and its critical spherical shell Sp+.
Here o, is the active site, & the thickness of the critical spher-
ical shell. Rg and Rg are respectively the radius of enzyme
molccule and that of substrate molecule.
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spherical symmetry. Below, we shall give a formula to
estimate the thickness, 8, of the critical spherical shell,
and discuss its change tendency in various conditions.

As is well known, in enzyme-substrate fast reaction
system the concentration of S molecules C may be de-
scribed by the following equation [1].
g—;=DV'(exp(—U/kT) V exp(U/ET)Y C), (1)
where D = Dy + D is the sum of the diffusion coeffi-
cient of E molecule and that of S molecule, & the
Boltzmann constant, 7 the absolute temperature and
U the potential of interaction between E and S mole-
cules. Because the interaction forces between enzyme
and subsirate are quite complicated, especially within
the scope of short region the forces also depend on
the orientation of S molecule to E molecule, the po-
tential should be generally expressed as U(r, 0. ¢). At
the steady state, eq. (1) is reduced to

V- (exp(—U(r, 0, 9)/KT)

X Vexp(U(r,8.9)/kT) C(r, 8,9))=0. @)

Under the action of the force field and the concentra-
tion gradient, the flow of S molecules through unit
area is [1]

i=— D exp(—U/kT) V (exp(U/kT) C). 3)

According to the completeness ot the spherical
functions Y7 (6, ¢) the solution of eq. {2) can be
written as

oo {

C(r,o,m=R0(r>+;Z)I Z)IR,,,,(r) Y0,0), @)
=l m= -

where

_21+1 (—m)!

27 ®
Rim = oy [ [ce.6.6) ¥/ 0. 6)sin0 a0 do.
0 0

Now, define
S37 I3 CP(r,0.6) sin 0 d6 do
4ﬂC8

Obviously, g;(r) is none other than the ratio [1] of
the average concentration of S molecules on the spher-
ical surface S, to the concentration Cg of S molecules
in the bulk solution. When p =1, substituting eq. (4)
into eq. (5) and wiilizing the orthonormality relation
of spherical harmonics, we immediately get

g, (N = L (p=1,2,..).(5)

Ro(r)=g,(r) Cp. (6)

From this we see that the first term in (4), the spheri-
cally symmetry term, is actually the average concen-
tration of S molecules on the surface §,. From (4),
utilizing the orthonormality of spherical harmonics
once again we obtain the variance of the concentra-
tion distribution deviating from the spherically sym-
metric one for the S molecules on §,.:

oo H
=2 I {(d+me)! 2 , .-
A= S aemyt RmD
= [g20") — g1(M] C3. @
from which it follows that the mean square deviation
- OY)
n(r) = ¢ = (223 )~

JETIEC(r.0,6)sin 6 d6 do &)
When the mean square deviation 1 << 0.05, the corre-
sponding concentration distribution may be regarded
as one having approached nearly spherical symmetry,
or quasi-spherical symmetry. Consequently, we can
define the radius, R¥, of the critical spherical shell by

(R =005, or RY =9~ 1(0.05). ©)

And then the thickness of the critical spherical shell
should be

8§=R" —(Rg +Rg)=R* —Ry. (10)

Now . we can apply the methods in [2] to calculate
£1(r)and g, (r) first, and then get the thickness of cri-
tical spherical shell by means of egs. (8)—(10).

In our calculations, the involved potentials and
some concrete parameters are considered as follows:

Coulomb long-range force. When the distribution
of charges in E molecule is non-spherically symmetric,
strictly speaking, the Coulomb potential should be cal-
culated according to eq. (29) in [6], that means, we
should consider the action of multipole potentials.
However, for convenience, we could also assume that
some part of the charges is situated at the centre of E
molecule, and the other part concentrates at the
centre of its active site (fig. 2). Then, within the scope
where Debye-Hiickel’s limiting law is valid, we have

[6]:
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Fig. 2. The Coulomb interaction between enzyme molecule
and substrate molecule.
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where zp, z,, Zg are respectively the charge number
of the enzymatic protein other than the active site,
that of the active site, and that of the S molecule; ey
is the electronic charge; € the dielectric constant of
the intervening medium; Rg and Rg are respectively
the radius of E molecule and the effective radius [7]
of the active site, and in this paper, they are taken as
18.5 A and 1.5 A respectively; R is the “thickness™ of
the ion atmosphere given by

R=[1000 ekT/8med Nu]'/?,

in which /V is the Avogadro constant, and u the ionic
strength. When € = 78 56, T =298 K, we have

R=(3.044//w)A.

Van der Waals short-range force. This is a type of
force with the interaction range in only a few A. The
van der Waals potential between a macromolecule and
a common small molecule has been discussed in [1.2].
and could be expressed as

-U . (0<d<ﬂ0),
U\:mz - Uoﬂo(bo/d — l)/(bo— [Io), (00 <(1<b0),

0, (d>by). (12)

where 25 = 0.2 A_ by = 3 A, d is the perpendicular dis-
tance between S molecule and the surface of E mole-
cule, and when the S molecule is in the inside of the
active cavity.d should be the perpendicular distance
to the nearest wall of the cavity.

The distribution state of active site can be consider-
ed in the following two cases:

The surface-acrive site. In this case it is assumed
that the active site is situated on a circular patch, S, .
on the surface of an E molecule (fig. 3). In this paper,
we take R =Rg +Rg =204,0_ =20 [1]. For the
active site of this type, in solving eq. (2), the corre-
sponding boundary conditions are

Cll‘.OKIESa =0,

(55, i) g gy 5 = 3EUKT O)or|, 4 oe s, =0, (13)

C|,— = =Co-

where ngy is the normal of the surface of the enzymic

|

protein.

Fig. 3. Surface-active site of enzyme molecule.



268 Chou Kuo-chen er al. f[Critical spherical shell

Long-range + Short range foree

Fig. -1. Cavity-active site of enzvme molecule.

The caviry-active site. It is assumed that the active
site is at the bottom, g, of a circular cone cavity [8.9]
{fig_4). In our calculations, we take the depth of the ac-

force field

2
tive cleft 1= 10A. Ry =20 A, 6, = 20°, and the corre- :aj
sponding boundary conditions are %
Clrpoco, =0 2 PE

B . @&
("Sb'i)r.e,s‘)esb = (”Sg'i r8.05S0 =0, _'_S ; -
C|r_.°,,=C0, (14) j_3_:
where ng, is the normal of the side face of the cavity. E
Now, the values calculated under various conditions =
for the thickness, §, of the critical spherical shell are E
listed in table I, from which we can draw the follow- é = =
ing points: E = 2
1. For the enzyme-catalyzed reaction systems of b= ) g =
cavity-active site, d is generally rather smaller. This is ’-':: % §
because when the active site is in the molecular crevice; 2 E| 2
the contact between S molecules and active sites is % 2103
more difficuli, and then the reaction rate will relative- z .
ly decrease. Consequently, the effects due to such a 2
non-spherically symmetric reaction in driving the dis- i r =
wribution of S molecules to deviate from spherical sym- é | 2
melry are less also. s i =
2. The short-range force generally renders 8 smaller. é !
And the stronger the short-range is, the more remark- 2
able such an effect is. However, in reaction systems of § §
cavity site, the short-range force expressed by (12) - =
possesses in itself non-spherical symmetry. So, actual- 2 E i 8
1v, it will affect 6 from two opposite directions: on e | Py

active site

6

Zyzg = =4
Uy
keal/mole
335

4.45

2

g~ ~22, Zpeg = -20,

S:—-
U():G

o

- "ll-
keal/ molg

290
4,05

peg = ~24, zp

Ly78 F 0
Up = 6
keal/mole
2.22

3,70

6

keal/mole

267
3.3t

Uy

4

keal/mole

13.34
6.82

o

=]

351

S=-20 Ug

keal/mole

21.81
trenpth = 1072,

g=-4
jonic s

o
-

“ye

41.26
371.23

-

ZaZS =
43.44
36.80

0

7.0% 107 em?/s, and the

o’

2[)ZS=—24 ZPZS =22 p.

39.62
36.55
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13.79

The diffusion cocfficicnt D
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the one hand the short-range property of the force
field will immake & become smraller, on the other the
non-spherical symmetry of the force field will cause &
to be larger. Therefore, for the reaction system of
cavity-active site, 6 does not vary monotonically with
the increase of van der Waals force.

3. The long-range force generally renders § larger.
and if the long-range force possesses in itself some
non-spherical symmetry, then such an effect will be
more remarkable. Therefore, in this case, we have to
consider the effects inside the critical spherical shell
in order for calculating the proximity rate constant [5].

It should be pointed out that in the above calcula-
tion we have supposed that the concentration of S
molecules on the active surface keeps equal to zero.
The reaction rate thus calculated is corresponding to
the diffusion-limit. It is readily conceivable that under
such a condition the effects due to non-spherically
synmumetric reaction in driving the surrounding S mole-
cules towards non-spherically symmetric distribution
are greatest. So, such a consideration is also most typi-
cal and significant. In fact, for the reaction systems of
surface-active site, if taking the activation energy €,
into consideration, we can use [10]

g . X 1/2

2mm™*

X exp(U/kT)C (15)

to replace the first equation in (13). Here, m™ = mpmg/
(12 + mg)is the reduced mass of E and S molecules.

Accordingly, we are able to calculate the relation be-
tween & and €,. The calculated results show that when
the activation energy €, is larger. since the reaction
proceeds more slowly. the effects due to chemical reac-
tions in causing the concentration distribution to be
non-spherically symmetric are smaller. and hence so
are the values of §.
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